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The elastic stability of circular cylindrical shells subject to  
either axial compression or pure bending is investigated for the 
case of cylinders strengthened by internal pressure. Nonlinear 
finite deflection theory is employed and an approximate solution 
of the equilibrium and compatibility equations is obtained by 
m e  of Gslerkin’s method. Comparatively simple expressions are 
presented for the various buckling stresses and these expressions 
are evaluated to yield buckling stresses 89 a function of the in- 
ternal pressure. The critical stress for bending is found to be 
greater than that in axial compression, and in approximately the 
ratio indicated by recent experimental evidence. 

Nomenclature 

Flexura l  rigidity E t 3 / 1 2 ( l  - v2)  

Young’s modulus 
4iry s t r e s s  function 
R a d i u s  of middle sur face  of shell 
Yurnber of waves  in ax ia l  and circumferential 
direct ions respect ively 
Internal pressure 

Tall th ickness  of shell 
Radial def lect ion 

Co-ordinates of a point in t h e  middle surface of 
the shell ,  measured in the  longitudinal and 
circumferential direct ions respective1 y. 
R / t m z  
b ,/tu 

n 2 / m 2  

Poisson’s  ratio, v = 0.3 in present  s tudy  
1)imensionless s t r e s s  parameters  

u, ob,  uc Ix ia l  compressive s t r e s s e s  
v2 1,apIace operator 

Subscripts: 

b Rend in g 
C l  Crit ical  condition 
0 Y o  P r e s s u r e  

v4 (oz)2 
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Introduction 

The postbuckl ing behavior of cylindrical shells s u b j e c t  
t o  ax ia l  compression has been s tudied  by s e v e r a l  
investigators. 
f in i tedef lec t ion  equat ions;  later, in 1941, t h e s e  
equat ions were used by von KCmcin and T s i e n  [21 to 
obtain an approximate solut ion to the  problem of buckling 
of a n  axial ly  compressed cylinder into a diamond shaped 
buckle pattern. Further invest igat ion w a s  made by 
Kempner E31 who used an addi t ional  parameter in the 
buckling def lect ion function proposed in [ 2 ] .  Several 
var ia t ions of t h e s e  analyses have been proposed by other 
invest igators .  

T h e  increase  in s t a b i l i t y  of internally pressurized 
cyl indrical  shells s u b j e c t  to  axisymme tric loading w a s  
s tudied by Lo, Crate ,  and Schwartz [43. They u s e d  large- 
def lect ion theory and found that the cr i t ical  s t r e s s  
i n c r e a s e s  from a va lue  of 0.37 E t / R  at zero pressure  to 
0.606 E t / R  (i.e., the  value given by c l a s s i c a l  small 
def lect ion theory)  as the pressure i n c r e a s e s  t o  
0 . 2  E t 2 / R 2 .  Very recent ly ,  the effect of internal 
pressurizat ion on s tab i l i ty  of axial ly  compressed cylin- 
d e r s  w a s  s tudied by Thielemann [SI. In addi t ion t o  
present ing a f ini te  def lect ion theory,  he also conducted 
t e s t s  on aluminum shells. 
ana ly t ica l  so lu t ions  were obtained on the basis  of t h e  
energy criterion. 

Seide [8l has recently presented a l inear  small deflec- 
tion a n a l y s i s  of the buckling of cyl indrical  shells subjec t  
to  pure bending. This s tudy indicated that ,  contrary to  
the commonly accepted  value,  the maximum cri t ical  

Donne11 El1 first derived t h e  governing 
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bending s t r e s s  i s  for all pract ical  purposes  equal  t o  the 
c r i t i ca l  s t r e s s  found for ax ia l  compression. T h i s  resul t ,  
based  upon s m a l l  deflection theory, d o e s  not  offer any 
explanat ion of the  experimental differences known to 
e x i s t  for t h e s e  two s i tuat ions.  For example, experimental 
ev idence  d u e  to  Suer, Harris, Skene, and  Benjamin 191 
indica tes  buckling loads  in bending to  be  from 25 to  60 
per  c e n t  grea te r  than in compression, the e x a c t  value 
depending upon t h e  rat io  R / t .  

havior of thin pressur ized  cyl inders  s u b j e c t  to bending 
loads.  Throughout th i s  ana lys i s ,  the Galerkin method i s  
employed. 
obtained by us ing  t h e  energy method, a solut ion for 
shells s u b j e c t  to  axisymmetric compression i s  reached 
first. F o r  th i s  c a s e ,  when t h e  pressure parameter  
p R 2 / E t 2  approaches  unity, i t  i s  found that  the  solut ion 
i s  the  s a m e  as the  c l a s s i c a l  small-deflection solut ion.  

T h e  relat ion of the  cr i t ical  s t r e s s  t o  internal pressure 
h a s  been found. For th i s  purpose i t  i s  convenient  to  
introduce as a parameter the rat io  between the increm e n t  
of cr i t ical  s t r e s s  a n d  the  cr i t ical  s t r e s s  a t  zero pressure.  
T h i s  parameter will be essent ia l ly  independent  of the 
imperfect ions in t h e  s h e l l  when t h e  imperfections do not 
vary s ignif icant ly  due to  changes  in pressure.  F ina l ly ,  
experimental d a t a  due  to  Suer, Harris, Skene,  and 
Benjamin [91 are  compared with the  r e s u l t s  of t h e  present  
ana lys i s .  

T h i s  report i s  a study of the e l a s t i c  postbuckl ing be- 

For comparison with cer ta in  e x i s t i n g  r e s u l t s  

Basic Equations and Deflection Function 

For an ini t ia l ly  perfect  thin cyl indrical  she l l  the com- 
pat ibi l i ty  and equilibrium equat ions  can b e  expressed ,  
respec t ive ly ,  as 

(1) 
aZw aZW 1 aZw V 4 F - E [ ( e r  - dr~z - 

axas 
a 2 F  a Z W  + a 2 F  a z : ]  

+ p = o  ( 2) 

- 2 -  - a2F aZw 
DV4w-- - 

R a r 2  axas axas a x 2  as 

In t h e  above equat ions ,  F i s  the  4iry s t r e s s  function of 
the  membrane s t r e s s e s ,  w i s  the radial  def lect ion,  t the 
s h e l l  th ickness ,  R the rad ius  of the  middle sur face ,  and 
p i s  internal  pressure  (taken t o  b e  posi t ive) .  

assumed:  
4 n  approximate form of the def lect ion pat tern i s  

mx ns 2rnr 

R R R 
w = b , + c o s Y  - ~ ~ C O S - C O S - + ~ ~ C O S - +  

(3) 

0 for a she l l  subjec t  t o  a x i a l  compression 
where k =  1 1 for a she l l  subjec t  to eccent r ic  compres- 

s i o n  or pure bending 

Y = e v e n  integer 

and  rn and n represent  the number of waves  in t h e  axial  
and circumferential d i rec t ions  respec t ive ly ,  the number 
of w a v e s  in  the ax ia l  direct ion being within a length 
equal  to t h e  circumference of the cylinder. Throughout 
t h e  present  s tudy ,  y = 2 .  F o r  more local ized buckling, a 
larger  value of y could be used.  Then k = 0, (3) i s  the 
same as t h a t  used  in [ 2 ] .  In (3), b i s  not a n  independent  
parameter but i s  used  t o  s a t i s f y  t h e  condition of 
periodicity of circumferential displacement  b l .  
Corresponding to  (3), a n  express ion  for t h e  s t r e s s  
function F i s  proposed 

0 2 s 1 P R  rnx ns 
F = - " s 2 + u b R  c o s -  +- - r 2  + a l l c o s -  c o s -  

2 R 2 t  R R 
2mx 2ns 2rnx 2ns 

c o s  - cos -  + azo c o s  - + ao2 COS- R R R R (4) + 

T h e  s t r e s s e s  and  ob are  due  to  a x i a l  compression and 
bending, respec t ive ly ,  a n d  are  posi t ive for  compression. 
For s h e l l s  s u b j e c t  to  axisymmetric compression only, 
ab = 0 and uc i s  rep laced  by u to avoid any possible  
confusion in notation. 

Method of Solution 

Vhen w and F in (3) and (4) are  subs t i tu ted  in  (1) and 
(21, the  equal i t i es  general ly  will not hold. They  can ,  
however, b e  e x p r e s s e d  ins tead  as 

aZw azw 1 a2w 
V4F-,F[(*r axas -- a r 2  ----]=Q, as2 R a x 2  (5) 

and 

DV2w-- - - t  -- - 2 - -  +-- 
R a r 2  a s 2  a x 2  axas drds a r 2  a s 2  

+ p = Q 2  (6 ) 
4n approximate solut ion i s  obtained by minimizing Q ,  
and Q2 on the right-hand s i d e s  of the above  equat ions;  
th i s  i s  done by t h e  Galerkin method. 

equat ions : 
The Galerkin method e s t a b l i s h e s  the following s e t  of 

rnr ns 

R R 
Q, COS- C O S - ~ S  dx = 0 

0 

(7) 

0 

2rnx 2ns lL IZTR Q, COS RCOS - R ds d r  = 0 

2m 1 2nR Q, COS ds d x  = 0 . 

2ns 
Q, COS - R d s  d x  = 0 
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rmc n s  ks 
J L  J 2 1 r R  Q2 COS - cos - cos ( g ) d s  dx = 0 R R 

2mx + cos %)cos '(-$)ds dz = 05 

( (8)  
0 0  

IL 0 [ 2 n R  Q2 (cos y R 

\gain, k = 0 when the shell i s  subject to axial 
compression only. In the following sections, solutions 
are obtained for axial compression and bending separately, 
although the approaches are the same. 

Axisymmetiic Compression 

In this section, the parameter k in (3) and (8) and also 
ob in  (4) are zero. Also, 0, in (4) i s  replaced by U .  The 
coefficients u 2 0 ,  u O 2 ,  a, ,, and u22 appearing in (4) can 
be expressed in terms of 6 2  and b S  through the four 
integrals of (7). The relations are found to be 

(9) 

In the above expressions, the dimensionless parameters 
are defined so that 

n2 
p =- - (10) 

(11) 

The ratio n/m evidently represents the wave-length ratio 
in axial/circumferential directions. 

The integration of (8) together with the relations given 
in (9) leads to the following two equations: 

a+= 
1 8 

(14) 

equations i s  a nondimensional s t ress  parameter defined 
by the relation 

U R  pR2 +=-- P- Et E t 2  
For brevity, (13) and (14) may be rewritten as: 

(15) 

a + = A , + ( A 2 + A S q + A 4 q 2 ) a 2  + A ,  - 
(b; S 

where 

(1 +/d2 
12 (1 - v2) 

(I +/d2 

A , =  

1 A ,  =- 

1 +/L2 A ,  =- 
16 

1 
B 2  =- 

4 

The parameter ( b , / t )  is  eliminated between (13a) and 
(14a) and the stress parameter + is  expressed as 

(16) 

+ C 2 A 2 a  (17) C ,  A ,  + =- 
a 

In the above equation, 

(18) 

The function + on the left-hand sides of the above 
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4 s  can be s e e n  from (15) to  (19) the  dimensionless  
variable uR/Ec  i s  a function of a, 7, a n d  p .  The 
buckling s t r e s s  i s  thus  obtained through minimization 
with r e s p e c t  to the  parameters a, 7, and p .  Differentiation 
of + with r e s p e c t  to  a i s  carr ied out f i rs t  to obtain 

p = o  0.2 0.25 0.5 1 .o 
I =  0.59 0.53 0.325 0.18 

Sa,.,, = 0.605 0.44 0.406 0.29 0.19 

a+ au 

aa  a, 
- = - = o  

for p = constant. T h u s  from (17): 

1.15 

0.11 

0.161 

(20) 

(21) 

and f inal ly  from (17) with a given by (21) -- 
Sa = 2dAI A2 dCI c 2  (22) 

The notat ion +a t h u s  denotes  the  value of Q minimized 
with r e s p e c t  to a. The express ions  for c, and c, are 
found from (18), (19), and (16). From (16): 

I .  

parameters  
- uR 

E t  
0 = -  

a n d  
- p R Z  
p =z 

Then (15) may be rewritten as 

(23) 

(24) 

(25) 

where Ca represents  the minimized value of with re- 
,? 
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s p e c t  to a and JI.  
s t r e s s  zcr  a t  a given value of d imens ionless  pressure p, 
severa l  different v a l u e s  of p are  t r ied in (25) together 
with corresponding v a l u e s  of  
right-hand s i d e  of (25) is minimized. The value of p, a t  
which za ,T is minimum and equals  Zcr, i s  ca l led  per. 
Some values  of ccr and pcr for var ious va lues  of p are 
given in Table 2. 

To find the  d imens ionless  cr i t ical  

,? from Table  1 unt i l  t h e  

TABLE 2 

It c a n  be  s e e n  tha t  pcr d e c r e a s e s  with increas ing  p. T h i s  
ind ica tes  that  the buckling wave becomes longer in the 
circumferential direct ion when the pressure increases .  

Curve 11. The resu l t s  from [.?.I and 151 and the t e s t  data  
from [61 and [71 a r e  plotted in th i s  figure a l so .  The 
broken curve shown there represents  the curve bes t  
fitting the  data  in  151, [61, and (71. The predict ions of 
the  present  theory are shown as  Curve I1 i n  Fig. 2 s o  as  
to afford a comparison with experimental data  given in 

The  relat ion between Ocr and i s  shown in Fig. 1 as  

191. 
In Fig. 1 ,  the  broken curve ind ica tes  that O,, is only 

about 0.09 a t  
approximately 0.35, then l e v e l s  off a t  higher v a l u e s  of 

p. 
of 0.606 when the value of T; is relat ively high. one of 
the most probable c a u s e s  of the lower resul t  indicated 
by the  broken curve corresponding to t e s t  da ta  l i e s  in 
ini t ia l  imperfections which in general  increase  with 
increasing R/ t .  If the  imperfection factor d o e s  not vary 
s ignif icant ly  due to the  change of F, then the rat io  of 
u,, a t  two different pressures  w i l l  be nearly independent 

of t h e  effect  of imperfections. I,et %,, represent  Ocr a t  

1- _ -  _ -  

= 0, and FCr i n c r e a s e s  from 0.09 to 

- IIowever, Ccr is expected to reach the  c l a s s i c a l  value 

- 

p =  0, and 

flcr - ucr flu,, 

The rat io ,  , i s  plotted aga ins t  i n  F ig .  3. IS 
shown in th i s  figure, t h e  predict ions of the  present  theory 
are  in reasonably good agreement  with experimental 
evidence,  which i s  re-plotted from the broken curve o f  
Fig.  1. One advantage of introducing the  ratio 
>Gcr /Ecr,, is t h a t  t h e  relat ion in Fig. 3 can  be used  
having t e s t  d a t a  a t  only one pressure  to predict the 
cr i t ical  s t r e s s  in the  same imperfect she l l  a t  any other  
pressure.  For ins tance ,  a t e s t  i s  made at  p = 0.4, for 



b R  
E t  

0.6 

0.5 

0.4 

0.3 

0.2 P r e s e n t  t h e o r y ,  
axisymmetric c o m -  
p r e s s i o n  

Theory of Ref. 

P r e s e n t  t h e o r y ,  - e c c e n t r i c  compres- 
s i o n  as e c c e n t r i -  
c i t y  approaches  
zero 

Curve f i t t i n g  t es t  
of Refs.  

0 est  d a t a ,  Ref. [b] 

A T e s t  d a t a ,  Ref. 173 
0 T e s t  d a t a ,  Ref. [6] 

-. - 

0 1  I I I 1 1 
1.2 1.4 1.6 1.8 0.4 0.6 0.8 1.0 0 . 2  

which value Ecr is  found experimentally to be 0.29. 
From Fig. 3, the present analysis gives AZ,, /a',,,, = 
2.02. Therefore, it can be predicted that iFm = 0.096, 
0.221, and 0.356 a t  
while the mean tes t  data from Fig. 1 shows that 
Fm =0.09, 0.25, and  0.34 at = 0, 0.2, and 0.8, 
respectively . 

= 0, 0.2, and 0.8, respectively, 

FIGURE 1. POSTBUCKLING BEHAVIOR OF AXIALLY COMPRESSED 
PRESSURIZED CY LlNDRlCAL SHELLS. 

where p. a, and 77 are given by (lo), ( l l ) ,  and (12), 
respectively. 

From (8) and (261, 

Eccentric Compression, Pure Bending 

Then a cylindrical shell is subject either to pure 
bending or eccentrically applied compression k in (3) and 
(8)  is unity. The solution in this case i s  analogous to 
the solution of the previous section. The coefficients of 
the 4iry stress function F are found to be 

E t 2  2(1 +d2 

(26) 

6P 1 9 +9p2+- + - 
m2 m4 1 +-.  

+[ 256 
1 (1 + 3 p  + ')I ad2 =- 

2 (1 - v') 6 m 2  4m2 

(28) 
1 

512 (1 +p)' 

The stress parameters $ 1  and # 2  are defined by the re- 
lations 
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U b R  3 U R  1 
Q ,  =-+-.c-- 

E t  2 E t  2 
(29) 

Q2=-+- .C- -pP+- ) - -@-  ubR 3 a R 1 
E t  2 E t  2 2m2 

1 p R 2  

T h e  experiments  of Suer, Harris, Skene,  and Benjamin 
[91 indica te  t h a t  s h e l l s  subjec t  t o  compression or bending 
will buckle into a multiple wave pattern in the logitudinal 
direction. Numerical resu l t s  from the  present  a n a l y s i s  
a l s o  indicate  tha t  m h a s  a magnitude greater  than 10 
when R / t  i s  g rea te r  than 500. T h e s e  ca lcu la t ions  a re  too  
lengthy t o  present ,  b u t  for example: 4t  T; = 0.48 and 
R / t  = 1,000, it w a s  found that  l / m 2  = 0.00204, which i s  
much l e s s  than unity. The va lue  of a i s  usual ly  in the 
neighborhood of  unity; hence,  from (11) m 2  var ies  
approximately as R / t .  In the present  ana lys i s  we are  
concerned only with extremely thin s h e l l s ;  hence  th i s  
ra t io  i s  large. Therefore ,  for pract ical  purposes  l / m 2  
and  l / m 4  are negl igible  compared to unity. Thus ,  

(30) 

+ - 9P '1'1 a' + -' (sy (31)  
(1 +d2 

FIGURE 3. PREDICTIONS OF PRESENT THEORY AND TEST DATA 
FOR A X  IA LLY C OM PR ESSE D PR E SSU R IZ ED CY L IN DRlC AL 
SHELLS 

and 

For brevity, (31) and (32) may b e  rewri t ten a s :  

- - -  - 
(31a) 

FIGURE 2. POSTBUCKLING BEHAVIOR OF PRESSURIZED 
CYLINDRICAL SHELLS SUBJECT TO BENDING OR AXIAL 
COMPRESSION. 

E t L  
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and 

c1 = o  
- - 9 

($b)a,71 = 0.74 

+(E2+B,92)a2+ (-s B +- ",.x:,' 

0.25 0.5 1.0 1.15 

0.66 0.46 0.23 0.15 

0.52 0.34 0.21 0.195 

where 

6 

- 9p2 

- 9(1+p"2)  

- 1+p2 

A, = ~ 

(1 + p ) z  

A, = 
256 

B ,  = 
2 (1 - 2) 

- 1  B, =: 

Further, - - 
A 5 -  - 
- B, - Bs -- 

9 - - A1 c, = 

- B6 
- 
A, - BS -- 

9 

- O b  Ob =- 
E t  

and 

- 0 u =- 
E t  

Thus ,  from (30) 

(38) 

(39) ('b +gGC) =(+b)a ,q  '3 3 -  p p  
a, 71 

To find t h e  d imens ionless  cr i t ical  stress 

a t  a given value of dimensionless  pressure jT, s e v e r a l  dif- 
ferent v a l u e s  of p are  tried i n  (39), together  with 
corresponding va lues  of  (4 
right-hand s i d e  of (39) i s  minimized. 

from T a b l e  3 until the  
4's9 '7 

The va lue  of p a t  which ('b + : E c )  a , ~  is minimum 

- B 6  
A 5  - B, - - 
- 

77 and e q u a l s  ( c b  +;Zc,) cr i s  cal led per. T a b l e  4 ind ica tes  

some numerical re la t ions i n  terms of t h e  pressure.  The s imul taneous  so lu t ion  of (31a) and (32a) leads t o  - -  
Ci A i  - - 

4 b  = 7 + C2 A2 a (35) TABLE 4 

From the relation dqjb / d a  = 0 a n d  (35), 

and finally from (35) with a given by (36) It c a n  b e  s e e n  t h a t  pcr d e c r e a s e s  with increas ing  p. In 
the  above table, ('',&stands for t h e  value of (Ec)cr when 

'b + 0. T h e  r e l a t i o n s  between(Cb +: ..> c r  and as (37) 
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FIGURE 4. INCREMENT O F  CRITICAL STRESS AS A FUNCTION OF 
PRESSURE FOR CYLINDRICAL SHELLS SUBJECT TO ECCENTRlC 
COMPRESSION OR PURE BENDING. 

well as (Fc)*  
data from [9f:s shown also.  

The broken curve shown there  bounds t e s t  data 
obtained by Suer, Harris, Skene,  and Benjamin [9I for 
ax ia l  compression. Rending t e s t  da ta  due to t h e s e  same 
authors  i s  shown by  individual points  in Fig.  2. 

and p a r e  shown in Fig.  2, in which the 

L e t  u s  introduce the notation 

where ( Z  +? Zc) represents  the va lue  of 
b 2 cr,o 

3 - 1  
3 (Zb . 

a t  = 0. The r a t i o  7 
t y ~ c )  cr 

i s  plotted a g a i n s t  p. 
i b +-uc  i -  )cr ,o  

in F ig .  4. 
s t r e s s  in a n  imperfect she l l  from t e s t  d a t a  a t  only one 
pressure.  

It h a s  been observed that general ly  (Zc)tr  is not 
equal  t o  the  v a l u e  o f  Ccr found for  axisymmetric 
compression. The difference is due to the def lect ion 
pat terns  employed. Curves I1 and 111 of Fig.  2 indicate  
the  e f fec t  on a x i a l  compression of those different 
pat terns  and show that  even a s l igh t  eccentr ic i ty  in 
appl icat ion of load  will great ly  reduce  the  buckling 
s t r e s s .  (Cc)zf v e r s u s  T; is shown in Fig.  1 as  Curve IV.  

i g a i n ,  th i s  ra t io  should predict  the c r i t i ca l  

Discussion and Conclusions 

It can  be observed that  p = 0 in the c a s e  of ring 
buckling andfurther ,  b 3  = q = 0 in the  c a s e  of smal l  de- 
flections. If e i ther  p or b 3  i s  zero, the  above a n a l y s i s  
reduces  to  a s m a l l  def lect ion solut ion.  

3 
The  ra t io  between s t r e s s e s ,  ( C b  + ?  Zc) cr/Ccf, is 

approximately 1.25 and  v a n e s  only s l igh t ly  with pressure.  

Therefore, the rat io  (o,)*,r i s  0.833. T h e  procedure 

indicated c a n  be  employed when t e s t  da ta  a t  one 
pressure a re  ava i lab le  to predict  the c r i t i ca l  s t r e s s  in 

*cr 
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the  s a m e  imperfect shell a t  any  other  pressure.  Since 
more cons is ten t  t e s t  r e s u l t s  c a n  be expected from shells 
under higher pressures .  F i g s .  3 and 4 a r e  ava i lab le  t o  
predict  the  buckling s t r e s s e s  when a t  least one t e s t  has 
been made on some moderately pressurized cylinders. 
F o r  ins tance ,  if t h e  c r i t i ca l  pure bending s t r e s s ,  
(Ob - R/Et )= ,  has  been  found experimental ly  a s  0.53 a t  
p = 0.4, then from Fig. 4 one can f ind ( U , R / E ~ ) ~ ,  =0.163, 
and 0.603 a t  = 0, and 0.8, respec t ive ly .  T h i s  evaluat ion 
i s  appl ied only to shells having  the  same ratio R/ t .  The 
e f f e c t s  due to a change of R / t  will b e  d i s c u s s e d  in a 
la ter  paper. 

The predict ions of the  present  theory for pressurized 
axial ly  compressed cyl indrical  s h e l l s  are  in subs tan t ia l  
agreement with t e s t  d a t a  for a rather  wide range of va lues  
of internal pressure.  Predic t ions  of  the  theory for 
pressurized cyl indrical  s h e l l s  in  pure bending are  in 
reasonable  agreement  with experimental e v i d e n c e  for 
d imens ionless  internal pressures  in e x c e s s  of 0.1 but a r e  
conservat ive for smal le r  va lues  of internal  pressure.  
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